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Abstract 

For contact manifolds (Af, rj) a complexification M'^ is constructed to which 
the contact form rj extends such that the exterior derivative of the extended 
form is Kahlerian. In the case of a proper action of an extendable Lie group 
this construction is realized in an equivariant way. In a simultaneous stratifica- 
tion of M and Af according to the istropy type, it is shown that the Kahlerian 
reduction of the complexification can be seen as the complexification of the 
contact reduction. 



1 Introduction 



Manifolds with additional structure can sometimes be understood better if the struc- 
ture extends to a complexification of the manifold. By a result of Whitney f |WHl| ) 
and Shutrick ([Sh]) a differentiable manifold M can be embedded as a closed, real 
analytic and totally real submanifold of a complex manifold M"^ with the dimension 
dime Af^ = diniR M. Using his solution of the Levi problem Grauert f jGRj ) proved 
that the complexification M'^ can be realized as a Stein manifold, in particular, 
it can be holomorphically and properly embedded in some C^. During the last 
two decades, complexifications of real manifolds with additional structure achieved 
some attention. An equivariant version for proper actions has been shown in |H2) . 
Stratmann ( |STj ) considers proper actions of Lie groups G on symplectic manifolds 
(M, uj) and shows that there is a Stein complexification A/^ of M with a G-invariant 
Kahler form r such that ut — i.%j{t) where lm '■ M ^ A/^ is the embedding of M 
in A'/^ 

In this paper a similar extension result is shown for 1-forms. Contact manifolds 
{M, rj) on which a Lie group G acts properly by contact transformations are of 
particular interest. As a general assumption in this work the Lie group G has 
finitely many connected components, is extendable, i.e., the natural homomorphism 
G — >■ G^ is injective, and is acting properly on M as a group of diffeomorphisms. 
In Section [2] an equivariant complexification lm ■ M ^ such that G acts on 
Af ^ properly by holomorphic transformations and a strictly plurisubharmonic, G- 
invariant function g : M'^ — > M are constructed with the property that rj = L\j{dP g). 
For this, a slice construction for Af = G 5", -fsT maximal compact in G, is used 
to construct a complexification of M by a complexification G"' x S*^ of G x 5: 

GxS ^ VldG^xS^ 
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The interplay of complexifications and contact reductions and Kahlerian reductions 
is discussed in the remaining section. Roughly speaking, the complexifications of 
contact reductions of a G-contact manifold (Af , 77) can be seen as the Kahlerian 
reduction of the complexification. This is shown along a simultaneous stratification 
of both the contact manifold and its complexification. 



2 Extension of forms 

Let G be an extendable Lie group. Let M be a real analytic G-manifold with a 
1-form 77. In this section the form is extended to a complexification M'^ of M. This 
is done equivariantly for groups acting on M and leaving 77 invariant. 



2.1 Equivariant extensions in the case of compact groups 

Let K be a compact transformation group and let M be a ii'-manifold with a K- 
invariant 1-form rj. In the following, an equivariant complexification A/^ of M is 
constructed to which 77 is extended equivariantly. 

Proposition 2.1. Let K be a compact Lie group, M a I\ -manifold and rj be a K- 
invariant 1-form. Then there are a K -equivariant complexification of M and a 
K -invariant strictly plurisubharmonic function g : M'^ — > R such that 

Proof. First, the local sitiation without the presence of symmetries is considered. 
By a theorem of Whitney ( }WH2j . Theorem 1) AI can be given an atlas with a real 
analytic structure. It can also be assumed that the action map K x M ^ M is 
real analytic f |MS| ). Let X be a complexification of M such that lm : M ^ X is 
a real analytic, closed embedding ( |WhBr] ). It can be assumed that X is a Stein 
manifold f |GR| ). Let {Ua,(pa)aei be an atlas of real analytic charts ipa '■ Ua ^ 
^a{Ua) C M". Every map : ipa{Ua) — > Ua extends biholomorphically to a map 
ifa^)^ ■ {fa)'^{Wa) — i> Wa, whcrc Wa is an open and connected neighbourhood 
of Ua in X and if-^fiWa) is open in [/„ x iR" C C". Then [j^ is an open 
submanifold of X containing M . After shrinking, this set can be chosen as a Stein 
neighbourhood A/'^ of M in X ( |Gr| ). The biholomorphic maps {fa^)^ have inverse 
biholomorphic maps, denoted here by ip^, which give an atlas {Wa,(p^) ofM". Note 
thatv3^(Wa) C UaXiW is an open neighbourhood of (^S(l^„n AT) = C/„x{0}inC". 
Let xi, . . . ,Xn be coordinates on (/3^(Wq, H Af ) — UaX {0} and xi + ij/i, . . . , a;„ + 7y„ 
coordinates on (p'^{Wa) C J7q x iR". There are uniquely defined smooth functions 
/i , . . . , /„ : J7q. — R such that 

Vlu^i^) = flixi, ■ ■ .,X„)dxi + . . . + fnixi, . . .,X„)dXn. 

On Ua X iW- C C" the function : Ua x iR" R, defined by 

Qaiixi +iyi,...,Xn+ iyn)) = fl{xi, ■ ■ .,Xn)yi + • • . + 

satisfies pa|c/ax{o} = ^^^^ tliis implies that 

n 

{''Ua.)*{d''ga){xi, ...,Xn) = ^fj{xi, . . .,Xn)dXj = 77|;7^(a;i, . . . ,x„). 

i=i 
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Denote by Qa ■ fai^a) ^ the restriction ga\,p'^{Wo,)- Then Qa := = 
Qa°'Pa • K has the properties ga|c/„x{o} = and {lu^)* {d'^ g^) = 77|(7„ for the 

embedding lu^ : Ua ^ Wa- If p S Ua, the sets U{p) := J/q. and W{p) := Wa have 
the desired properties. These focahy defined function can be patched together to 
obtain a function g : M'^ — >■ R such that 77 = t*j^j{d'^g). So far, symmetries are not yet 
considered. There is a Stein complexification M'^ of M and an atlas {Wa, (fa) such 
that {Ua ■= M n Wa,(Pa\uc,) is an atlas {Uajfalua.) and a function pc< : Wa M 
with the properties 

Qa\ua,x{o} = and {LuJ*{d''ga) = ?7|(7„ (1) 

for the embedding lu^ : Ua ^ Wa- After shrinking and refining there is an atlas 
{Vp,(pi3)i3^j of M'^ with a partition of unity (x/3)^gj- Since every Vg C W^q(^) for 
some a(/3), it is possible to define g/^ ga{j3)\vf,- Property (H]) implies that for the 
case that M n Vg is non-empty, (tA/nv^-^A/<=nVji)*(rf''e/3) = vlMnVf, and 

P/jU/ny^ = 0. (2) 
Define now for every function g^} the smooth functions 
Xp-gp: ^ K 

(X/3 ■ £'/3)(a:) for a; e "1^/3 

for xEA'r\Vf;. 

The function g : M'^ — >• R, x ^^^(X/S ' Qp){^): is well-defined by local finiteness 
and smooth, too. Property ([2|) implies 

i*M{d''g) ^ x/3 ° 'A/ • '*M{d'-gp) + • d'^x/J = X! ° '^^ ' ^ = 

Possibly after shrinking M"^ a strictly plurisubharmonic function v : — s- M with 
the property L\j{d'''v) = such that g — v is strictly plurisubharmonic on an open 
neighbourhood of M and still satisfies L\j{d''{g — v)) = 0. The construction of 
a function ly with these properties can be found in f |HHLj . Lemma 2). Now let 
M be a if-manifold and let 77 be a JsT-invariant 1-form. There is a if-equivariant 
complexification M" of M ([HI], [MS] . Theorem 1.3). In particular K acts on M" 
by holomorphic transformations and lm '■ M ^ is a X-equivariant embedding. 
Perhaps after shrinking to a smaller iiT-invariant complexification A/^ has a smooth 
strictly plurisubharmonic function g : M'^ — R such that i\j{d'^g) — r/ as shown 
above. Then g{x) := g{k~^ ■x)dk defines a ii'-invariant strictly plurisubharmonic 
function on such that 

'-lAd'^Q) = i-lid^ / go^j^-idk) = 4j( / i;l^i{d''g)dk) 

J K J K 



'^l-^ {i*M{d''Q))dk = / -qdk = ?y, 

AT J K 

where V'fe : A^'' -^j^'', ^/'fc(a;) = fc-x, for all k e K. □ 



2.2 Equivariant extensions for the case of proper actions 



An extendable Lie group is characterized by the injectivity of the canonical G- 
equivariant homomorphism lq '■ G ^ G^, where G^ is the universal complexifica- 
tion. The aim of this subsection is the following result. 
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Theorem 2.2. Let G be an extendable Lie group with finitely many connected 
components that acts properly on a manifold M and let K be a maximal compact 
subgroup of G. Let rj be a smooth G -invariant 1-form on M . The slice S C M 
is embedded in a Stein K"^ -manifold S'^ such that M ^ G x^"^ S is complexified by 
a G X K -invariant Stein domain A/^ C G"' x^ S'^. Then there is a G -invariant 
strictly plurisubharmonic function g : M'^ — > M such that 

ilid^Q = ry. 

The proof of this at the end of the section needs some preperation. Let G be 
an extendable Lie group with finitely many connected components and let K be 
a maximal compact subgroup of G. By a theorem of Abels ( |AbI ) there is a K- 
invariant submanifold S in M such that the map 

Gx'^S M 
[g,s] ^ g-s 

is a diffeomorphism. Here, G x^ S denotes the geometric quotient of G x S* with 
respect to the free K-action 

A' X (G X 5) ^ GxS 
(fc,(.9,s)) ^ {gk-\k-s) 

and [g, s] :~ irxig, s), where ttk : G x S ^ G x^^ S is the canonical projection onto 
their geometric quotient. There is a real analytic structure on M ^ G x^ S such 
that the action map GxM — >■ M, the slice 5* and the AT-action on S may be assumed 
to be real analytic ([I], |KUj ). In ( jHHKj . Section 7, Proposition 4, 4' and 5) a 
complexification of Gx^.? is constructed with the help of a G-complexification G^ of 
G and a A'-complexification S'^ of S as the quotient G"^ x S*"^ . In this quotient two 

points pi and p2 are identified if f{pi) = f{p2) for every A'-invariant holomorphic 
function /. Since G is assumed to be extendable here, a G-complexification can be 
realized as a G'''-manifold as in |HHKj . The proof is included here for the readers' 
convenience. 

Proposition 2.3. Let an extendable Lie group G act properly and real analytically 
on a manifold M = G x^ S , where K is a maximal compact subgroup of G. Then 
there is a K"^ -manifold S*^ such that a G-invariant domain 51 in M'^ ~ G"' x^ S'^ 
is a G-complexification of M ^ G x^ S. 

Proof. The slice 5* can be AT-equivariantly complexified in a Stein AT^-space S^ 
( |H1| . Section 6.6). Since G is extendable, it can be complexified G-equivariantly 
to a G-invariant open domain G"^ in G^. Then M ^ G x^ S can be G-cquivariantly 
embedded in := G^ x^*" 5^ as a totally real submanifold. If M" is a G- 
complcxification of M, a G-invariant domain fl containing M in M"^ can be G- 
equivariantly, holomorphically and openly embedded in a neighbourhood of M in 
f |HHKj . Corollary 7). □ 

Following the notation introduced above consider a proper and real analytic action 
on M. Then M = G x^ S . Let 77 be a G-invariant smooth 1-form on Al. Denote 
by ttg : G X 5 — >■ G and its : G x S ^ S the projections on the first and on the 
second factor respectively. 
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Proposition 2.4. Let rj be a G-invariant, smooth 1-form onGx S. Let /3i, . . . , /3„ 
be a basis of G-invariant 1- forms on G. Then there are smooth functions /i, . . . , /„ : 
5 ^ M and a K -invariant 1-form as on S such that 

n 

such that X]j=i ''^sifj) ' ""cd^i) is a G X K -invariant 1-form. 

Proof. The form tt'^ij is a G x i^-invariant, smooth 1-form on GxS. Let /3i , . . . , /?„ 
be a basis of G-invariant 1-forms on G; then ttqIPi), . . . ,7rQ(/3„) are their trivial 
extensions to G x S*. The embedding is : S G x S , s t-^ {e, s), and the projection 
TTs : G X S ^ S, {g,s) s, are ii'-equivariant if K acts diagonally on G x S* by 
k-{g,s) = {gk^^,k-s). Let as = '-s(7r^7?); then 'K*g(as) is G x ii'-invariant and for 
every tangent vector (0,w) G T(g.s)iG x S) = TgG x T^S 

i7T*sias))iO,v)^as{D7rsiO,v)) = {n],7^){DLs{Dns{<d,v))) ^ (^]^r?)(0, i-)- 

It follows that (7r^77 - 7rJ(crs))(/i, s)(0, w) = for every v G T^S and every h e G. 
In other words (tt^t? - tt* (cts))(/i, s) G T*G © {0} C T*G © T*S ^ T(h^s)G x S. 
This implies that there are smooth functions /i , . . . , /„ on G x S such that 

n 

Comparing coefficients implies that there are smooth functions /i ,...,/„ on S* such 
that 

n 

{n*j,Tj - 7T*s{as)){h, s)=Y, nUfjM ■ ^UPi)- 

□ 



Proposition 12. II implies that there is a A'-invariant strictly plurisubharmonic func- 
tion Qs '. S'^ ^ on an equivariant if-complexification S''' of S such that as = 
{bs^S'')*{d'^ Qs)- Assume that the situation is arranged as in Proposition 12.31 Let 
S'^ be openly and if-equivariantly embedded in a i^'^-manifold 5*^ and let G" be 
a Stein G-complexification of G which is G-equivariantly and openly embedded in 
G'^. In the next proposition, G x i^-invariant 1-forms on G x S* are going to be 
extended equivariantly to G^ x . 



Proposition 2.5. For the smooth G x -invariant 1-form 7t*j^t] on G x S there is 
a G X K -invariant strictly plurisubharmonic function g on some G x K -invariant 
complexification G'^ x S'^ such that on a Gx K -invariant Stein domain D, in G'^ X S'^ 

{i'Gxs)*{d''g) = ttkV- 



Proof. Let . . . , /3„ be a basis of G-invariant 1-forms on G and /i, . . . , /„ G 
C°°{S) and tt^t? = J2]=i T^Uf3)-'^Gil^3)+'^*si'^s) be as above in Proposition!^ Let 
G"^ be a Stein complexification of G which is G-equivariant with respect to the left G- 
multiplication. Shrinking G'^ if necessary, Lemma 3.3 in jST| and Theorem 1 in |Wlj 
imply that there are G-invariant functions gi, . . . , g„ on G'^ such that L*Q{d'^gj) = /3j 
for j = 1, . . . ,n. It can be assumed that |g = 0. There is a complexification S"^ of 
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S with functions Fi, . . . , Fn : S'^ ^ R such that fj = {ls-^s")* {Fj) for j = 1, . . . , n. 
The G-invariant function 

e : G^^ X 5"= ^ M 

(/i,s) Fl(s)gl(/^) + ... + F„(s)^?„(/^) 

satisfies = ^s^i^j) ■■KQ^{d'^Qj) +i^Ga{Qj) ■iT*ga[(PFj) with the projections 

7rG<= : G" X S" ^ and tt^c ; G^ x S"" S''. Now, the property QjIg = imphes 

n 

(tGx5)*(rf^e)-5]7r5(/,).7r£(/?,). 

j=i 

After shrinking S''^ Proposition 12.11 shows that there is a strictly plurisubharmonic 
if- invariant function 9 : S'^ ^ M such that (ts^sO*(^'^^) = '^s- Define the G x K- 
invariant function g by 

g{g,s) := / {Q{gk-\ ks) + {irs^y {e){ks))dk. 

JK 

Then {lq^sY [d'^ o) ~ '^kVi ^i^d g is a G x ii'-invariant function. A partition of 
unity argument, worked out in Lemma 3.10 in jSTj . which is e.g. shows that g can 
be assumed both G x X-invariant and strictly plurisubharmonic. □ 



Recall the original goal to extend a G-invariant 1-form rj to an equivariant com- 
plexification of G x ^ 5. This will be achieved with the help of Kahlerian reduction 
of G'^ X 5"^ with respect to the freely acting compact group K. Details on the 
momentum map geometry and on Kahlerian reduction can be found e.g. in |Hlj . 
[HL] , |Sj| . The basic properties needed here are mentioned briefly in the remaining 
section. 

Let {n, uj) be a Kahler manifold and let i be a Lie group which acts symplectically 
and by holomorphic transformations on fl, i.e., {^pg)*uj = lo for every g € L, where 
■0 : L X — > n is the action map. The action is called Hamiltonian if there is a 
moment map fj, : fl ^ Lie(L)*, where Lie(L)* is the dual vector space to the Lie 
algebra of L, with the following properties: 

a) The map fi is i-equivariant with respect to the given action on and the 
coadjoint action of L on Lie(L)*. 

b) For every ^ € Lie(L) the function /.t^ : 17 — > R, a; ^a(a;)), satisfies 
tfjjW = d/Kj, where ^n{x) = ^exp(i^)-x|^^p and l^^-^u! is the 1-form given by 
{t^^uj){v) = uj{^a,v) for every v G TM. 

If 51 carries a differentiable, L-invariant strictly plurisubharmonic function g : fl ^ 
R, the action is Hamiltonian with respect to the Kahler metric uj = —dd'^g. In this 
case, a moment map is given by /xj(x) = {d'^ g){S,n{x)) . For Hamiltonian actions, the 
momentum zero level yLt~^(0) = {x € r2|/.t^(x) = for all ^ G Lie(L)} allows one to 
define the reduced space /Lt~^(0)^. 

Proposition 2.6. Let L act freely and properly by holomorphic and symplectic 
transformations on a Kahler manifold (57, w). Assume that the action is Hamilto- 
nian with moment map /i : 51 — >■ Lie(L)*. Let 57 ^ X 6e openly, holomorphically 
and L-equivariantly embedded in a complex L'^ -manifold X on which L'" acts freely 
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such that X/ is a smooth complex manifold and ttj^c : X X/ a submersion, 
/jj^ /]JC 

Then the map 

.:,-(0)/^ - \c 

Lxa ^ 7r£c(t^-i(o).^x(a;o)) 
is a local diffeomorphism and defines a unique complex structure on /x^^(O)/ such 
that K is a locally biholomorphic map of complex manifolds. 

Proof. Since kcidfi{x) = (T^L-x)-^- ^ {v e T:,X\uj{v,w) ^ \/w e T^L-x}, x e 
X, implies that rank(/^) — dini(Lie(i)) everywhere, fi~^{0) is a smooth submanifold 
of fi. The fact that L acts freely and properly implies that /x~^(0)/ is likewise a 

differentiable manifold. Furthermore, for a point xq G /i^^(O), 
In the commutative diagram 



the maps 7r^-i(o) '■ /^^^(O) — >■ /i^^(O)/ and tt^c : X — > X/ are submersions with 

'L 'if- 

kernels ker(L)7r^-i(o))(2;) = Tx{L-x) and ker(D7r£,c)(x) = Tx{L^-x) respectively. It 
follows that Z?(7r^cot^j-i(-Q-))(xo) = Z?(K07r^-i(Q^)(a;Q) maps Tx^iL'^ ■xq)-^'^ bijectively 

onto T^^^(xa){x^_^^ and DTT^,-i(a) maps bijectively onto T^^,j,(:ro) (a^^^O)^) • This 

implies that DK(7r^(-i(Q)(a;o)) is everywhere an isomorphism. □ 



Let r2 C X S"^ be a G X invariant Stein domain, G x S" C fi, and g : O — R a 
G X iiT-invariant strictly plurisubharmonic function such that (icxs)* {d'^ q) ~ '^*k"Q- 

Proposition 2.7. There are G-invariant Stein domains fli C /i^^(O)/ contain- 
ing G S and C G^ x^ 5'' containing G S which are G-equivariantly 
biholomorphic. 

Proof. First, it has to be shown that G x S C /i~^(0). For this, the following 
calculation proves that for every ( g Lie(ii') and every {g, s) G G x S*, 

^g{exp{itC) ■ {g, s))^^^ = (tcxs)* (5 exp(-iC), exp(tC) -s) | ^^q) 
= (i'K'7)(^(3Cxp(-tC),cxp(tC)-s)|j^o) 

= 0. 
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Since K acts freely and commutes with the G-action, /i ^(0^ is a G-manifold and, 
by Proposition 12.61 obtains a complex structure by the map 

which is a local diffeomorphism. Since the restriction k|gx^'s defines a real analytic, 
G-equivariant isomorphism between two copies of G x ^ S* in /i~ ^ (0)/ and in G'^ x 

respectively, there are G-invariant and biholomorphic Stein neighbourhoods VLi 
of G x-f^ S* in /^~H0)^. and ^2 of G x^*^ S in x^"" QHHKj . Corollary 7). □ 

It remains to show how to use the extension of tt^^t] on G*^ x S*"^ for an extension of 
7] on G S. This is carried out in the proof of the Theorem 12. 2[ which can now 
be carried out. 

Proof of Theorem 12.21 By Proposition 12.51 there is a Stein G x /C-complexifica- 
tion $7 C G*^ X 5"^ of G X S' and a strictly plurisubharmonic G x if -invariant function 
e : -> R such that Tr'^rj = (ioxsTid'^Q)- The moment map ^ : ft ^ 'Lie{K)*,x i-^ 
tH> d"^ g{£,n{x))) , is defined for the Tf-action on f2. For the existence of the following 
quotients, note that the relevant groups K and respectively act freely. Thanks 
to Proposition 12.71 the diagram 

M-i(O) ^ f^cG^x^c 



commutes. It shows that there is a canonically defined complex structure on Af^ := 
/i~^(0^ . Note that the G-action on O induces a natural G-action by holomorphic 

transformations on the quotient M"^ = /i~^(0)/ , because the G-action and the K- 

action on commute. The function gi-cd ■ M'^ = /x~^(0)/ — R which is induced 

by [Lfj)* Q is G-invariant and has the property 

{l^,)*q = (7r^,-i(0))*(£'rod)- 

Then the G x ii'-equivariant embedding lq^s '■ G x S fl C G^ x induces a 
G-equivariant embedding lm : M ^ G x'^ S ^ G^ x^ S^. The strictly plurisub- 
harmonic function Qi-cd on /i^^(O)/ has the property that 

(lm)* {d" Qrcd) = V- 

To see this, consider the following commutative diagram: 

GxS /i-HO) ^ ncG'^xS'^ 



M = Gx^S ^ A^ = ^^L-\0^^ A/C^G^x^ 
Since (7r/^)*?7 = (icxs)* {d" g) = (ttk)* {(I'm)* {d^' g,cd)) surjectivity of ttk implies 

that 7? = (tM)*(rf''£'red)- □ 
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2.3 Complexifications of contact and symplectic manifolds 

In the case where M is a contact manifold Thcorcm l2.2l can be reformulated in the 
sense that the 1-form ry can be extended to a 1-form 77"^, e.g. 77"^ :— df^g, on a Stein 
G-complexification M'^: 

Every contact manifold {M, rf) with a proper G-action of a Lie group G with finitely 
many connected components can be complexified equivariantly to a Stein G-complexi- 
fication M'^ with a G-invariant 1-form rj'^ such that i\[{rj'^) = rj for the embedding 

LM ■■ M ^ Ar. 

A similar result for symplectic manifolds is proved by Stratmann ([St]). 

A contact manifold {M,r]) can be symplcctified, i.e., it can be extended naturally 
to a symplectic manifold: If {M,r]) is a (2n + l)-dimensional contact manifold, the 
two-form 

d(e*?7 + dt) = eMt Ar] + e^dri 

on M X M is symplectic. Here, t denotes the standard coordinate on the R-factor of 
M xR. A contact-form 77 on M induces a symplectic form u = d{e* ■{^TMxM-^M)* iv)): 
where t is the coordinate on M and tttv/xR-s-a/ projects on the first factor. The 
complex extension of M to M'^ induces a complex extension of A/ x M to M ^ x C. 
This means that 77 extends to {lm")* {d'^Q) on M'^ and d(e*?7 -|- dt) extends to dd'^g 

on n. 

The symplectification is compatible with the extension to complexifications in the 
following sense. 

Proposition 2.8. Let [M, rj) be a smooth contact manifold. Then there is a Stein 
complexification A/^ of M and an open neighbourhood Q of M xS, in M'^ x C such 
that there exists a strictly plurisubharmonic function g : — > M for which 

{LMxs.^M-xc)*{dd''Q) = d[e^i^ + dt) 

for the embeddings lm" '■ M'^ ^ A/^ x C, z 1— > (z, 0), and lm : M ^ 

^*M{{^M'=)*id''Q)) = V- 

Proof. There is a complexification A/f^ of A/ and a strictly plurisubharmonic func- 
tion gi\i : M'^ — !• R such that i^/(d'^PA/) = Then the hmction 

g-.WxC R 

(m,z) ^ e^<^)-gM{m) 

has the property {d'^g) = e* • d'^gu — gu ■ e^ds where z ^ t + is. In particular, 
i*Mi{i^M-)*{d''g)) = Lljid'^gAi) = ?? and 

{i'MxR)*{d''g) = (tMxR)*(e* • d^gM - gM ■ e*ds) = e\LMxR)*{d''gM) = e^rj. 

If v : M'^ — !■ R is a strictly plurisubharmonic function with the property L\j{d'^i') = 
and L\.j{dv) = 0, Proposition 12.11 can be applied to 

[' : M" xC R 

{m, z) H> !/(z) + |zp 

and to g to obtain a strictly plurisubharmonic function g : — M on a Stein 
neighbourhood n oi M x R in M" x C. □ 
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Proposition also has an equivariant version: 



Corollary 2.9. IfGxM^Misa proper G-action, there is a proper extension to 
: The trivial extension to an action on A'P x C defines equivariant emheddings 

LM- ■■ M" ^ X C and lm : M ^ M" 

such that g : fl ^ M. can be chosen to be strictly plurisubharmonic and G-invariant 
onnc M" x<C. 

Proof. It has just to be observed that in the proof of Proposition 12.81 the function 
qm '■ M'^ — > R can be chosen to be G-invariant by Theorem 12.21 and as a strictly 
plurisubharmonic function. □ 



Corollary 2.10. Let M be a real analytic manifold with a contact form jy. Then 
there is a Stein complexification M'^ of M and an open neighbourhood Q o/ M x R 
in M"^ X C such that the symplectic form ui :~ d(e*ri+dt) is the pull-back (tMxR)*(/?) 
of a Kdhler form /3 on D,. 

Proof. This is a consequence of Proposition 12.81 because for a strictly plurisubhar- 
monic function g : il C Af ^ x C — !• R, /3 := dd'^g is a Kahler form with the properties 
stated in CoroUarv [2TT0l □ 

Remark. Similarly to the equivariant statcmant in Corollary 12.91 an equivariant 
version of Corollary 12. 101 can be formulated. 



3 Compatibility of reductions 

In this section, the compatibility of the complexification with reductions by symme- 
tries is discussed. Roughly speaking, the guiding question is whether the Kahlerian 
reduction of a complexification of a contact manifold can be regarded as the com- 
plexification of the contact reduction. 

Throughout this section (M, 77) is assumed to be a contact manifold on which an 
extendable Lie group G with finitely many connected components acts properly by 
contact transformations, i.e., by leaving 77 invariant. Fix a G-invariant smooth Stein 
complexification M'^ of M such that 77 = t*^j{d'^g) holds for some smooth G-invariant 
strictly plurisubharmonic function g : M'^ R (see Theorem 12. 2p . Furthermore, 
assume that there is a globalization M'^ of the local G^-action on M'^ such that M'^ 
is openly and G-equivariantly embedded in the G'^-manifold M^. 



3.1 Compatibility of moment maps for free actions 

Under the assumptions stated at the beginning of the section, there exists a moment 
map on the contact manifold 

flM ■■ M Q* 

m ^ (S. ^ ili^Mim)) = r]{f^exp{t^)-m\t=o)) 
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and a moment map on the Kiihler manifold 
MM- : M'- ^ 0* 

The relation 77 = i\^{(pQ) implies that the Kahlerian moment map extends the 
contact moment map, i.e., ^.m" o tM = ^-m- Cauchy-Riemann geometry enters the 
picture, because the hypersurface M*^^ — ^?~^(0) plays a role as it contains M. 
This fact makes use of the assumption that the Kahlerian moment map is defined 
by the potential g. 

Lemma 3.1. Let {M'^,(Pq) be a complexification of a contact manifold [M,r]) and 
g : — >■ R 6e a strictly plurisubharmonic function with M C g~^{0) such that (Fg 
extends rj in the sense that ry = i\j{d'^g). 

a) Then possibly after shrinking M'^ to a smaller neighbourhood of M , g^^{Q) is 
a smooth hypersurface in M"^. 

b) The smooth hypersurface M'^^^ £'~^(0) is a strongly pseudoconvex hyper- 
surface. 

Proof. Since r] is nowhere vanishing on M and it is the pull-back of d^g, a) follows, 
because it is immediate that dg vanishes nowhere in a neighbourhood of M . The 
statement b) is just a matter of definitions. □ 

The action of G leaves Af^^ = g^^(O) invariant and the inclusions 

(M,77) (il/™,d"ei|MCR) {M^^d^g) 

are all G-equi variant. Assume that the Lie subgroup L oi G acts freely (and prop- 
erly) on the contact manifold (Af, 77) and leaves 77 invariant. Li the following propo- 
sition it is shown that in the setting of this work, the restriction /^Mci^^^cn '-^'^ be 
regarded as the Cauchy-Riemann moment map defined in |L1] . This involves the 
natural projection ap : TpM^^ TpM'^^y , where Hp = TpM n J{TpM). It 

follows from the definition of the operator d"^ that the Cauchy-Riemann tangent 
space can be described by Hp ~ {v G Tp{A'I^^)\d'^ g{v) = 0}. Let H = Up^M'^^Hp 
be the Cauchy-Riemann bundle of hyperplanes and B denote the (real) line bundle 
B — TM'-^^/ . Then a can be considered as a S- valued 1-form which defines the 

Cauchy-Riemann moment map 

fj-MCR : A/C=R ^ Lie(L)* B 

P ^ (C 1^ ap(^A/CR(p))) 

for every ^ G Lie(i). 

Proposition 3.2. Let L act freely and properly on M and M'^ . For the inclusions 

{M,7j) ^ (A/Ci^,d^f?|MCR) {M'.if^d-g) 

the Kahlerian moment map 

fiMc : A/= ^ Lie(L)* 

p ^ {C-^id'g){^M^(p))=V%Ui^{p))) 

has the property that its restriction fJ-Mcn fii\j •^Ij^jcn Cauchy-Riemann 
moment map for the L- action on A/^^ , if TM'^^y is trivialized by the mapping 

TM^^/ U, ap{v) ^ (d" £-)(«). 

' ri 
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Proof. The line bundle B = TM^^y is trivializable in this situation by the map 

ap(v) t-^ d'^g{v). 

It is well-defined because if ap{v) — ap{w), v ~ w € H and {(Fq){v — w) = and 
therefore {d'^g){v) ~ {cPq){v ^ w) + {d'^Q){w) = {d'^Q){w). Under this trivialization, 
Lie(L)* (g) B ^ Lie(i)* with the identification 

Ue{L)*®B Lie(i)* 
^ ap{£.Mcn)) ^ d^gi^M^ip))) 

defines the Cauchy-Riemann moment map /^7\/cr : M'~^^ ^ Lie(L)* by 

for ^ £ Lie(L), where t^/CR : M*^^ '-^ M'^ embeds M^^ into □ 



3.2 Cauchy-Riemann, contact and Kahlerian reductions 

It will be shown later that the reduction along suitable strata of orbit types can be 
described by quotients of free actions on certain submanifolds. This is why in this 
subsection, the case of a freely acting Lie group L is considered. The properties 
fJ-M — fJ-M'^^iM ^^'^ t^M'^^ — f^Mi-l^jCTi yield the inclusions of the momentum zero 
levels 

(mm)-'(O) ^ (mmcr)-^(O) ^ (ma/c)-1(0). 

The inclusion of (^a/)^^(0) and of (/Xjv/CR)^^(0) in (//m<^)^^(0) will be examined 
more closely in the following. 

Contact and Kahlerian reduction 

Now the connection between the contact reduction of M and the Kahlerian re- 
duction of M'^ with respect to a freely and properly acting group L is studied. 
The situation for the embedding of M in M"^ can be summarized in the following 
diagram: 

M ^ 



U '(mm)~^(0) 



U '■(fMc)-l(O) 



(mm)-HO) 

1 ^(mm)-^( 



(m)-i(o)/^ ''-.^'"'^^ (mmO^Ho)/^. 

Note that Proposition l2. 61 shows that for this case described here, (MAf^)^^(O)/ is a 

L 

complex manifold and the function grcd, defined by ftcd07''(pj,^c)-i(o) ^ ^?°''(AtJ^/c)-l(o)I 
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is a Kahlerian potential. It can be checked that the mapping i(^j,j)-i(o)/L is well- 
defined. In Proposition 13.31 it is shown that (t(pj,j)-i(o)/L)*('^'^ftcd) is the unique 
l-form 77red on (/^a/)~^(0)/ with the property 

(7r(^M)-i(o))*('?rod) {i'{f,M)-Ho))*{v)- (3) 
The manifold (/^a/)~^(0)/ with the unique l-form Tyred such that ^ holds is called 
the contact reduction of {M,ri) as defined in |L2j and |W| . 



Proposition 3.3. Let the extendable Lie group L with finitely many connected 
components act freely and properly on M . Then {i'{fj,n,) - 1 (q) / l)* [d'^ Sred) is the unique 
l-form ?7red on (^a/)~^(0)/ such that 

(7r(^M)-i(0))*('?rod) = (t(^,,)-i(0))*(?7)- 

Proof. The assumptions on the action of L imply that the geometric quotients 

(ma/)~^(0)/ and (/xa/c)^^(0)/ are manifolds. The function giiod : (m a/ <^)^^(0)/ 
G G L 

R is definied by ftod ° ^(AiAfc)"Ho) ^ Q ° ^(/ijjc)-i(o)- The desired result follows from 
the identity 

{■^{^LM)-H0))*{{|'{^LM)-H0)/L)*id''grcd)) = {l(^^,^,)-^o))* iv), (4) 

because the uniqueness of the contact reduction implies that the reduced contact 
structure is defined by the l-form (t(^jj^)-i(o)/L)*(c^'^ftcd)- Since property ^ holds 
for the unique l-form 77icd, the l-form (t(^jj.-)-i(o)/L)*('^^f?rcd) agrees with r^rcd which 

□ 

'/L 



provides the contact reduction ^(0^ ,f7rod 



Corollary 3.4. The 2-form ur^cd ■= drj^cd on "'^(0^ satisfies 

(^(/'A/)-i(0))*^rcd = (t(^„)-l(o))*rf77. 

Proof. It follows from Proposition 13.31 that 

□ 

Cauchy-Riemann and Kahlerian reduction 

The following result characterizes both the contact reduction and the Cauchy- 
Riemann reduction of M'~^^ as the hypersurface (gred)"^ (0) in the Kahlerian reduced 
space (ma/0^^(0)/^- The following sketch illustrates the setting: 



'■J\/CR. I(n „„ )-l(0) 



(MA/ca)-l(0)/ (MA/O-HO)/ 
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Proposition 3.5. The hypersurface (ftod) ^(0) C {i^M") '^(O)/ can he regarded in 
two ways: 

a) The pull-hack of the 1-form d'^ftod to (f?rcd)~^(0) gives (ftcd)~'^(0) the struc- 
ture of a contact manifold which is isomorphic to the contact reduced space 
for the L-action on (M^^, {lmc^)* {d'^g)) . 

h) The hypersurface (ftcd)~^(0) is isomorphic as a Cauchy-Riemann manifold to 
the Cauchy-Riemann reduction of with respect to L. 



Remark. Since grod is strictly plurisubharmonic, tlie form d'^g^^d pulled back to 
(f?rcd)~^(0) is a contact form. 

Proof. 

a) As mentioned in Proposition 13.31 there is a unique contact structure ryiod on 
the reduced space (/^a/cr)~^(0)/ such that the identity 

(''(MMCR)-MO))*((tA/CR)*(d=£>)) = (7r(^^^<,^)-i(0))*(?7rod) 

holds. The commutativity of the diagram above shows that 

('^(A',jCR)-i(0))*(('-(M„CR)-i(0)/L)*(c?''£'rcd)) (tMCR o )-i ((,))* (d'^g)) 

and therefore (7r(^^^^j, )-i(o))*((ij\/CR)*(d'^ft-od)) = (ia/cr ot(^^^^j, )-i(o)) 
Since the reduced form is the unique 1-form with this property it follows that 
('■(A'jjCR)"^(o)/i)*('^'^£'i'cd) gives the contact structure. 

b) Let g^cd be the function on the Kahlerian reduction (Mj\/':)~^(0^ which is in- 
duced by the restriction Q\[fi^,a)-^{o)- This is a strictly plurisubharmonic func- 
tion, and if is a regular value of remains a regular value of ^?rcd- The map 
(^a/cr)^^(0)^ ^ induces a bijection between (/^a/cr)^^ (0)^ 

and (£'rcd)~^(0). Since the group action on M'^ is by holomorphic transfor- 
mations and leaves the Cauchy-Riemann hypersurface M*^^ invariant, the 
induced action on is by Cauchy-Riemann diffeomorphisms. The strictly 

plurisubharmonic function g defines a Cauchy-Riemann submanifold ^"^(O) fl 
(mm<^)~^(0) which is mapped to (ftcd)~^(0) C (AtM=)~"^(0)/ by the Cauchy- 

Riemann map 7r(^^^j-,j^)-i(o)- Since Loose ( |L1| . Theorem 1.2) proves that 
the projection 7''(/ij^j-cR)"Ho) defines a unique Cauchy-Riemann structure on 
(/iA/CR)~^(0)/ , (ftod)~^(0) can be regarded as the Cauchy-Riemann reduc- 
tion of £'^^(0) with respect to L. 

□ 



Remark. In particular, the contact manifold [M^rf) is embedded in the (2n — 1)- 
dimensional contact and Cauchy-Riemann manifold (M*-^^, 77*-^^) with the contact 
form if-^ = {bMC^Yid^g)- 

The following proposition summarizes the results on the compatibility of the re- 
spective reductions. 
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Proposition 3.6. Let L be an extendable Lie group and L x A/^ — > A/^ a free and 
proper action that extends L x M ^ M and leaves g : M''' — >■ K invariant. Then 
there is the following commutative diagram 

o/ smooth maps. 

Proof. The momentum zero levels (/xa/)~^(0), (/Xjv/CR)~^(0) and )~^(0) are 
smooth because the L-orbits have constant dimensions. Since the three actions of 
L are proper and free, the three quotients 

(mm)^^(O)^ and (^j,/cr)"^(0)^ and (mj\/O~^(0)^ 
are differentiable manifolds and the natural projections 

^{f^M)-Ho) and 7r(^^^^^)-i(o) and 7r(^„c)-i(o) 
are differentiable maps as well as the induced inclusions 

□ 



3.3 Compatibility of reduced strata 



The results of the Subsections 13.11 and 13.21 are now applied to general proper actions 
on contact manifolds {M,t]) and their eomplexifications M'^. Let be a compact 
subgroup of G. The isotropy types of H define a stratification of M ([Sj])- The 
stratum {M'')(^h) = {x € M^lBgo G G : goG^g^^ = H] of points in M" with 
isotropy type H is G-invariant and contains the complex submanifold = {x <E 
M''\G^ = H}. Then 

where L = NG{H)y acts freely f |GHj . jSj|). Proposition 13.31 implies that it is a 
Kahler manifold. To abbreviate, define 

M{MIh)) := (mmO"'(0) n MIh) and M{Mfj) := (a*a/O~'(0) n Mjj 

and similarly, in the contact case, 

M{M^H)) (MM)"'(0)nA/(H) and (^m)"' (0) n A/^. 

For future reference, the necessary facts for the Kahlerian reduction along the strata 
M{M?^.) are summarized here; they are weU known f jHHLj . [LWj . jW] . [Sj]l. 
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a) Let a;o S (^a/^)^"'^(0) and let V be the orthogonal complement to the tangent 
space of the local G^'-orbit through xq with respect to the Kahlerian metric. 
The momentmn zero level along the stratum (M'^)(j:/), i.e., A4{M^j^s^), is lo- 
cally and equivariantly isomorphic to G Vh where Vh = {v £ V\h ■ v — 
V for all h E H}. The Kahlerian reduced space Ai{M^^.^), is locally homeo- 

'G 

morphic to Vh (|Sj|). 



b) The Kempf-Ness reduced space {^m') ^{^)/ can be stratified into the strata 

G 

Ai{M^^^s^)^ , which inherit a natural symplectic and complex structure. 

Proposition 13.31 can be applied to the free action of L := Ng{H)/ on AA{Mh), 

'H 

where Ng{H) is the normalizer of H in G. In the case of a contact manifold (M, 77) 
on which G acts in a proper fashion by contact transformations, recall the following 
facts ([W], [LWT l: 

c) The stratum Mh = {m £ M\Gm = H} is a contact manifold and for the 
stratum Af(^) = {m G Ad\Gm is conjugate to H} the quotients 

M{Mh)/^ = M{Mf^H))/^ 

are naturally isomorphic manifolds, where L = Nq{H)/ acts freely and prop- 

'H 

erly. 

d) The manifold A4{Mh)/ carries a uniquely induced contact form ?7i.od with the 
property 

{i^M(Mh))*{i) = {'T^M(MH))*{lrcd), 

where t,M{MH) ■ -^{^^h) ^ M and ttm(Mh) projection of M{Mh) to 

Note that these facts treat every stratum independently and one obtains for each 
stratum M{M(^h)) of (/xm)~^(0) a reduced contact space; there is no condition that 
links the various contact structures. 



Lemma 3.7. If xq G (p^m) ^(0) and H = Gx,, then {M^)h complexifies Mh- 

Proof. Let V be the complex vector subspace in T^gM'^, which is the complement 
with respect to the Kahlerian metric of the local G^'-orbit through xo . There is a G- 
invariant neighbourhood U{xo) of xq which is openly and G-equivariantly embedded 
in the complex G'^-manifold G^ x""" V ([HI], [1]). Since xq £ (/iM)"HO) C 
(a^a/O~^(0)j = (^2:0)'^ = (G^)a;o it is possible to assume in addition that 
V — W^, where W C Tx^M is an iJ-invariant subspace such that M n U{xo) 
embeds openly in G W. If Wi^h) = & W\h-w = h for all h G H}, it follows 
that for V^H) ={v £ V\h-v ^ v for ah h e H} ^ (W^Hjf- Finally U{xo) n Mh ^ 
G x" W^H) and U{xo) Ci Mfj ^ G*^ x^'' (W^h))^ are open embeddings. Since 
G*^ X ^ {W(^H) )^ can be regarded as the complexification of G x ^ W/^h) : this proves 
the claim. □ 



The set {M'')h = {z € M'^jG^ = H} is a complex submanifold of M" ([S^). The 
normalizer Ng{H) of iJ in G acts naturally on {M'')h- The induced action of L := 
Ng{H)/ on (Af^)^ is free. If G (mm)~HO) and H = G^o, it follows that Mh ^ 
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{M'^)h is embedded in a Kahlerian submanifold of M'^. The l-forni (lmh^m)* iv) 
is the contact l-form on Mh and {1'(m<:)h^m<:)* {^ddf^ g) is the Kahlerian form on 
M'^. Furthermore, ry = {lm'^M")* {d!^ o) and 

{>'M„'^M)*'n = {lmij-^m)* {{lm^M")* {d'^ q)) 

= {hih'^(M'=}h)* iiHM'^)H'-*M'')* id" g)) 

(iA/„^(A/<=)„)*(c?''(e|(A/<=)„))- 

Thus the contact manifold [Mh, {i-Mh^m}* iv)) is -/V(3(_ff )-cquivariantly embedded 
in the Kahler manifold ((Af^)// , — c?d'^gi|(A/f<:-)^), where £'|(a/<:)„ : {M'^)h — > K is 
a strictly plurisubharmonic and A'^G(if)-invariant function. The following result 
establishes the compatibility of the extensions with reductions. 

Proposition 3.8. Let picd '■ (/^a/'^)~^(0)/ — > M &e the function defined by fPrcd ° 

^{p.M-)-H0) = £» ° ''(Mj,fc)-i(o)- Let e it^My^iO) and H ^ G^q he the isotropy 
group. The contact manifold {Mh, [iMn'^MYiv)) Gfnbeds in the Kahlerian manifold 
{{M'')H,{i(M-)H-~^M'')*{dd''g)) such that {lmh'^(M'')h)* {.d" g) = (tMjj^M )*(??)• The 
reduced spaces 

[M{MH)/^A^MH^MnVrcd)) and (^M{M"h)/^, gTcd\M(Mfj)/L ) , 

where L = Nq{H)^ , are related by the property that for the induced embedding 
^m(Mh)/l ■■ M{Mh)/ ^ 

{''M{Mh)/l) id''grcd\M(M^)/L) = (I'Mh'-^m) (Vicd)- 

Proof. Since L ~ Ng{H)/ acts freely on (M^)//, Proposition 13.31 applies. It 

follows that the contact moment map : Mh Lie(L)* and the Kahlerian 

moment map fj,(^j^.jc^^ : [M'^)h — ^ Lie(i)* define smooth momentum zero levels 
M.{Mh) and 7W(M]^), because L acts freely. For the same reason M.{Mjj)/ and 

A4{Mh)^ arc smooth, and the restriction of g\M{Mfj) defines a strictly plurisub- 
harmonic function ^?^cd|A4(A/|f ) such that the embedding lm{Mh)/l ■ -^(A/h)/ 

L 

■^{^^h)/ satisfies (tA<(A/„)/L)*(d''£'rod|x(A/^)/L) = (''A/„->M)*(??rcd)- □ 



In the same way, the strata M(^h) and {M^)(^h) are compatible. For every closed sub- 
group F of G the strata A^(A/(H))/ of (/XA/)-HO)/ andX(Af('=^)), of (AiA/c)-i(0)/ 

^G 'G /g G 

are compatible by the function grcd\ '■ (a*a/<^)^^(0)/ — s> M induced by the restriction 

'X? 

g\(f_i^ja')-i-(Q) ill the following sense: 

Proposition 3.9. The embedding M ^ M"^ induces emheddings 
M{M(H)) M{MIh)) and M{M(h))/ MiM^^) 



'G '""/G 



such that a contact manifold A4{M(^h))/ embeds in Ai{Mfif^^) , and has the prop- 



erty 

{''M{M(H))/G-^M{M^jj^)/G)*{d"gicd\M{M^^^)/G) = '?rcd, 

where T^rcd *s the reduced contact form on A4{M(^H)y 



'G 
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Proof. The quotients Jv[ (Mh) / and M. (J^I{h) ) / are naturally diffeomorphic ( jWj ) . 

Similarly A^(M]^)/ and 7W(Mj'^^j), are naturally diffeomorphic. Proposition 

. . . ^ 

and the commutativity ol the diagram 



'/G ''"'/G 
prove the claim. □ 



As a summary, the geometry of the contact, Cauchy-Riemann and Kahlcrian re- 
ductions can be described as follows. 



Corollary 3.10. Let G be an extendable Lie group and [M^rj) a proper G-contact 

manifold. There is an equivariant Stein complexification M'^ with a smooth strictly 

plurisubharmonic function g : — S- R such that d'^g extends rj. Let the fuction 

Prod : (ma/0"^(0)/ K &e defined by goL{pj^,^)-i{o) = ft-cd0 7r(^j^^,)-i(o) . Let H < G 
G 

be a compact subgroup and L = Ng{H)/ . Then for every stratum (Af'^)(^'), the 

'H 

1-form rf'=(ft-cd|A^(A/-„,)/G) 

a) provides the Kdhlerian reduction o/(M'^)(^), 

b) pulled-back to (grcd)~^(0)n {^M{M^^-^)^ ) is equivalent to the contact and the 
Cauchy-Riemann reduction of {M'~^^)h ■= (f?|(A/<:)ff ) "'^(0) C {1\I'^)h 

c) and pulled back to A4{M(^fj^)/ provides the contact reduction of M^j^y 

G 

Proof. The compatibility of the reductions with the Kahlcrian reduction is shown 
in Proposition 13.61 The Cauchy-Riemann reduction is carried out in Proposition 
13.51 and the contact reduction by Proposition 13.31 These results are applied to the 
stratifications described in Proposition 13.81 and Proposition 13.91 □ 



Piecewise contact structures 



For a proper action G x M M on a contact manifold (A/, rj) by contact transfor- 
mations (ma/)~^(0)/ is stratified into smooth contact manifolds A^(Af(j:/-))/ (|Wj. 

^G 'G 
[LW| ) . The respective contact structures are induced by the contact reductions. 

However, these contact structures are treated separately; the transition between 
two strata is not worked out in |W| and |LWj . In the symplectic setting, a Poisson 
structure can be defined which allows one to discuss the compatibility of the various 
strata. As a suitable tool in the case of contact manifolds, the following definition 
of a piecewise contact structure is suggested here to state a compatibility condition 
from stratum to stratum. 



Definition 3.11. Let M = IJ^gj be a stratified topological space such that every 
stratum Ma is a differentiable manifold. A family of 1- forms rja on Ma, a € I , is 
called a piecewise contact structure if 
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a) each {Ma,rja) is a contact manifold, 

b) there is a complex space Af^ with a stratification into complex manifolds 
such that an embedding l : M ^ AI'^ induces embeddings La '■ Ma ^ as 
totally real submanifolds, 

c) there is a strictly plurisubharmonic function g : M'^ — !> M such that for every 
a the restricted function q\m^ is smooth and satisfies 



Remark. Theorem 12.21 shows that a smooth contact manifold is a piecewise contact 
manifold which consists of one stratum only. 



In the case of an extendable Lie group ( [HKj . [K] ) show that (/iA/=) "'^(0)/ enherits 

from the structure of a complex space in a natural way on which grcd is a strictly 
plurisubharomonic function. Then (/^m<^)~^(0)/ — [Jh<g ■^(■^'^(H))/ stratifies the 

reduced space (/xm^)^^(O)/ and Proposition 13. 91 can now also be stated as follows: 



Theorem 3.12. Let G be an extendable Lie group which acts properly on a contact 
manifold {M, rf) by contact transformations. Then there is a canonically defined 
structure of a piecewise contact manifold on the quotient (/i7\/)^^(0)/ . □ 
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